We propose a Lagrangian for the low-energy theory that resides at the (1 + 1)-dimensional intersection of N semi-infinite M2-branes ending orthogonally on M M5-branes in R 1,2 × C 4 /Z k (for arbitrary positive integers N, M, k). We formulate this theory as a 2d boundary theory with explicit N = (1, 1) supersymmetry that contains two superfields in the bi-fundamental
Introduction
Since M2-branes can end on M5-branes it has long been suspected that the M5-brane theory is a still illusive six-dimensional non-critical string theory. The strings of this theory are charged under a self-dual three-form field strength, hence they are frequently referred to as self-dual strings. When the M5-branes are coincident the theory is non-abelian and intrinsically strongly coupled. As a result, it has proven a very hard problem to formulate this string theory and to extract directly information about the quantum physics of M5-branes.
Clearly, the two-dimensional intersection of M2-branes ending on M5-branes is at the heart of this problem. It would be useful to understand precisely the degrees of freedom that reside on this intersection and how they interact with the three-dimensional and six-dimensional bulk on the M2 and M5-branes respectively. It is sensible to analyse this problem first in a symmetric configuration, e.g. the half-BPS configuration of N coincident M2-branes (extended along the half-plane x 2 > 0) that end orthogonally on M coincident M5-branes 
In flat space the two-dimensional theory at the intersection enjoys large N = (4, 4) supersymmetry. To date there has been very limited information about this theory. Let us summarize quickly some of the most prominent developments that are pertinent for this paper.
From the M5-brane point of view the orthogonal M2-branes can be viewed as a string soliton spike. The first successful description of this soliton (as an M-theory BIon) was given by Howe, Lambert and West [1] for a single M5-brane. A similar analysis for coincident M2 and M5-branes in the large-N, M limit was performed in [2] using a holographic supergravity analysis based on the blackfold approach [3, 4] . A noteworthy result of that work was a specific prediction for the leading behavior of the central charge c of the putative two-dimensional superconformal theory at the intersection [5, 6] c ∼ N
in a 't Hooft-like limit where N, M ≫ 1 with the ratio λ = M 2 N fixed and large. The dots indicate subleading terms in a 1/λ expansion. The appearance of the powers N 3 2 and M 3 in the two expressions on the rhs of (2) is suggestive of a close relation to the well-known scaling of massless degrees of freedom of M2-branes (N 3 2 ), and M5-branes (M 3 ). Different expressions for c in other regimes were derived in [7] using anomaly considerations in the Coulomb branch of the M5-brane theory. 1 Let us note in passing that an exact fully localized half-BPS supergravity solution that describes the M2-M5 configuration (1) in flat space is currently not known. For an older attempt to this problem we refer the reader to [9] . A more recent analysis of AdS solutions that are presumably near-horizon limits of M2-M5 configurations was performed in [10] . It would be interesting to distill further information about the quantum properties of the M2-M5 intersections from such asymptotically AdS solutions in supergravity.
There have also been several attempts to analyze the field theory of the intersection (1) from the viewpoint of the M2-branes. An M-theory generalization of the Nahm equations for the BIon was proposed by Basu and Harvey in [11] . Subsequently, with the advent of the ABJM model [12] , the low-energy theory on N M2-branes was formulated as a U (N ) × U (N ) Chern-Simonsmatter theory with explicit N = 6 supersymmetry. The properties of semi-infinite M2-branes ending on M M5-branes are captured from this perspective by appropriate boundary conditions and/or appropriate boundary degrees of freedom in the ABJM model on a half-plane.
The effects of boundaries in supersymmetric Chern-Simons-matter theories were considered by several authors. A formulation of the boundary problem in the context of the M2-M5 system in terms of supersymmetric boundary conditions was put forward in [13] . Other authors considered an alternative formulation that employs suitable boundary degrees of freedom. With emphasis on the boundary effects on supersymmetry Ref. [14] considered possible boundary in- 1 For an interesting observation on the role of self-dual string junctions in the Coulomb phase of the ADE 6d (2,0) superconformal fields theories and the problem of the M 3 scaling of the massless degrees of freedom on the M5-branes see [8] .
teractions in N = 2 Chern-Simons-matter theories using the technology of [15] . A different set of boundary interactions, that emphasized the role of gauge symmetry, was considered in [16, 17] .
Although both approaches in this direction are technically relevant for the M2-M5 system, their precise implementation to this problem has been obscure, because a clear M-theory guide to the boundary degrees of freedom and interactions that are needed to describe the M2-M5 system was mostly lacking. A specific proposal towards the resolution of these issues will be the main contribution of this paper.
Finally, in more recent developments it has proven useful to consider configurations of intersecting M2 and M5-branes with compactified worldvolumes. In this context a computation of the elliptic genus of M2-branes suspended between parallel M5-branes was performed in [18, 19, 20] , and [21] . Ref. [22] considered M5-branes wrapped around punctured Riemann surfaces. In this setup the M2-branes realize surface operators in four-dimensional N = 2 field theories.
Main contribution and brief summary of the paper
The approach we take in this paper is particularly simple. The successful formulation of the low-energy theory on multiple M2-branes as supersymmetric Chern-Simons-matter theory, [12] , relied on a U-dual description of M2-branes as D3-branes suspended between appropriate stacks of 5-branes in a type IIB Hanany-Witten setup. In section 2 we describe how to incorporate an extra stack of M D5-branes in this setup, where N D3-branes can end on a half-BPS (1 + 1)-dimensional boundary. We show that the new configuration lifts in M-theory to the M2-M5
system of interest probing a C 4 /Z k orbifold singularity. For M = 0 D5-branes our setup reduces to the well-known brane configuration of [12] .
In section 3 we use the type IIB setup to read off the spectrum and interactions at the D3-D5
boundary. We find that the massless boundary degrees of freedom that arise in the D3-D5 open string theory are two sets of 2d N = (1, 1) supermultiplets in the bi-fundamental representation of the U (M )×U (N ) group. Using a formulation with explicit N = 2 supersymmetry in the threedimensional bulk we present a 2d boundary theory that exhibits N = (1, 1) supersymmetry.
Precise bulk-boundary interactions of this theory are proposed using the recent results of Ref.
[ 23] , that is building on the previous works [15, 16, 17] . Analyzing the symmetries of the postulated action and the symmetries of the underlying brane setup we postulate that for generic Chern-Simons level k > 2 the bulk-boundary theory flows in the deep infrared to a fixed point with the expected 2d N = (4, 2) supersymmetry. We anticipate a further enhancement of the boundary supersymmetry for the special value k = 1 to large N = (4, 4). A similar enhancement for k = 2 is possible but even less obvious at the moment (see comments in section 2).
We conclude in section 4 with a brief discussion of interesting aspects of the proposed action and its implications in M-theory. Open problems that are worth pursuing further are also discussed in this section. 
In this setup an NS5-brane and a (1, k)5-brane bound state 2 are located at antipodal points on the S 1 direction x 6 ∈ [−π, π). The angle θ is fixed by supersymmetry in terms of the complex
where g s is the string coupling constant and χ the value of the axion field (that we set to zero).
Two stacks of D3-branes are suspended between the NS5 and (1, k)5-branes along the directions (0126): N D3 branes wrap the semi-circle x 6 ∈ (0, π), and N D3 ′ branes wrap the semi-circle x 6 ∈ (−π, 0). The setup of D3-NS5-(1, k)5 branes, with the D3-branes stretching infinitely across the whole (012) plane and M = 0 D5-branes, is the original configuration of Ref. [12] that formulated the low-energy theory on N M2-branes probing
Chern-Simons-matter theory. For k > 2 this theory is an N = 6 three-dimensional gauge theory.
For k = 1, 2 there is an infrared enhancement of supersymmetry to N = 8 [12, 24] .
Compared to Ref. [12] , the setup (3) introduces an additional stack of M D5-branes (last line in (3)) that intersect the N pairs of D3-branes on a two-dimensional boundary along the plane (01). The semi-infinite D3-branes stretch on the half-line x 2 > 0 and end on the D5-branes at x 2 = 0 (hence the notation 2 + in the list of the configuration (3)). From the low-energy point of view, the D5-branes introduce a boundary on the three-dimensional Chern-Simons-matter 2 We will be using conventions where (p, q)5 refers to a fivebrane bound state with p units of NS5-brane charge and q units of D5-brane charge. Moreover, without loss of generality we will henceforth assume that k > 0. The
denotes that a brane is oriented along the direction cos θ x a + sin θ x b in the (x a , x b ) plane.
theory that resides on the D3-branes. One can verify by explicit computation (see e.g. appendix A of Ref. [23] for a related discussion) that the brane setup (3) preserves 3 real supersymmetries -2 left-moving and 1 right-moving. Hence this is a non-chiral half-BPS boundary. At lowenergies the global symmetries of the M-theory lift (to be discussed momentarily) suggest the infrared enhancement of supersymmetry to N = (4, 2) in two dimensions. In the special case where k = 1 they suggest a further enhancement to large N = (4, 4).
As an aside remark, it is useful to note here, for later purposes, the following fact. Rotating the (1, k)5-brane in (3) along the more general orientation
further reduces the explicit supersymmetry from 3 real supersymmetries to 2 real supersymmetries when ψ = θ.
Namely, changing ψ reduces N = (2, 1) → N = (1, 1) in two dimensions.
In section 3 we consider the low-energy field theory at the D3-D5 intersection following a recent similar discussion of open string dynamics in [23] . In the rest of this section we elaborate further on the M-theory lift of the setup (3) and its relation to the orthogonal M2-M5 intersection which is the system of main interest in this paper.
M-theory lift
Repeating the steps of the U-duality transformation in [12] we first perform a T-duality transformation along the direction 6. This results to a type IIA brane configuration on a space with a T-dual S 1 direction6:
The notation KK6 refers to a Kaluza-Klein (KK) monopole associated with the dual circle6.
Similarly (KK6 − k D6) refers to a KK monopole with k units of D6-brane flux.
Next we lift to M-theory by adding the 11-th (M-theory) direction x 10 . The N D2-branes ending on M D4-branes become N M2-branes ending on M M5-branes. The KK monopole KK6 remains a KK monopole associated with6 and the (KK6 − k D6) bound state becomes a KK monopole associated with a linear combination of the circles6 and 10. At the intersection of the two KK monopoles the eight-dimensional space transverse to the plane (012) becomes the
To summarize, after the above U-duality transformation we obtain the orthogonal M2-M5
probing the C 4 /Z k singularity in the (3456789(10)) directions. The k = 1 case reduces to the familiar M2-M5 intersection in flat space.
As explained in appendix B of Ref. [12] the metric of the transverse eight-dimensional space takes the form of a toric hyperkähler manifold with a diagonal 2 × 2 matrix of U -functions in the coordinates
and
The coordinates (ϕ ′ 1 , ϕ ′ 2 ) have periodicity 2π plus the orbifold identification
In the absence of the M5-branes the overall symmetry of the transverse space is SO(6) × SO(2).
SO (6) is associated with transformations in the (345789) directions and SO (2) with translations of x 10 , i.e. with translations
In the presence of the M5-branes the SO(6) in the (345789) directions breaks to SO(3) × SO(3) transformations that are either fully parallel to the M5-brane worldvolume or fully orthogonal. Since SO(3) ≃ SU (2) and SU (2) × SU (2) ≃ SO(4), the total symmetry of the M2-M5 configuration in the presence of the orbifold, for k > 2, is SO(4) × SO(2). This is an R-symmetry for the two-dimensional theory at the M2-M5 intersection. Its presence suggests that the infrared theory at the intersection exhibits N = (4, 2) supersymmetry.
For k = 1 the symmetry of the transverse R 8 is SO(4) × SO(4) from the separate rotation symmetries of the two orthogonal R 4 's in R 8 . This symmetry is the expected R-symmetry group of a 2d CFT with large N = (4, 4) superconformal algebra.
The case with k = 2 is potentially more interesting. In the absence of the M5-branes arguments were given in [12] for the quantum mechanical enhancement of the R-symmetry group in the three-dimensional Chern-Simons-matter theory from SO(6) to SO (8) . In our setup a stack of M5-branes intersects the Z 2 singularity. If the non-abelian interactions of the M5-brane theory exhibit the same global symmetry enhancement one would expect an SO(4) × SO(4) symmetry for the M2-M5 intersection also at k = 2. It is currently unclear to us if this enhancement actually takes place.
ABJM on a space with boundary from open string theory
In this section we focus on the open string theory dynamics of the type IIB setup (3) . Following the discussion of the recent paper [23] we propose a specific action for the 3d-2d bulk-boundary dynamics at the D3-D5 intersection.
3d bulk
The 3d bulk theory, which arises as the IR effective field theory description of the open string dynamics on the D3-branes in the setup (3) 
Integrating out the massive superfields sets
and leads in the deep IR to the quartic superpotential
which is responsible for the supersymmetry enhancement to N = 6. ε ab is the totally antisymmetric symbol; we use ε 12 = 1.
It is useful to highlight the following points regarding the N = 2 formulation of the ABJM theory:
(i) A general mass m = k 8π in (10) corresponds in the brane setup (3) to a general angle ψ = θ for the (1, k)5-brane oriented along , [25, 26] . As we pointed out near the end of subsection 2.1, and is visible from (10), for ψ = θ and m = k 8π the explicit supersymmetry of the 3d bulk theory is N = 2 (and therefore 2d N = (1, 1) on a half-BPS boundary). Nevertheless, it was shown perturbatively in [27] in the large k limit that the N = 6 fixed point is an attractor of the RG flow in the 3d Chern-Simons-matter theory, so different values of m in the bare action do not affect the IR physics crucially in the bulk. It is natural to expect a similar effect for all values of k. For technical reasons that will become clear momentarily, it will be useful to work with a general mass m in the bulk superpotential
(ii) The bare N = 2 supersymmetric action with superpotential (10) We circumvent this problem by formulating the half-BPS boundary and the corresponding bulk-boundary interactions in the bare N = 2 Lagrangian with superpotential (13).
Then by tuning the bare mass m to the N = 3 point m = k 8π , or by just allowing the renormalization group to flow to the N = 6 fixed point in the bulk, we postulate that our half-BPS boundary flows accordingly from a UV N = (1, 1) point to the desired IR point with N = (4, 2) (or N = (4, 4)) supersymmetry. We provide favorable evidence for this conjecture using the available information from string theory and by checking explicitly that the postulated action has the expected global symmetries.
3d bulk action
In the brane setup (3) there is a boundary for the 3d theory at x 2 = 0. Accordingly, we will formulate the ABJM theory on the half-plane at x 2 > 0. We use the N = 2 superspace formalism and the set of conventions summarized in [23] . 3 In these conventions the content of (θ1α + iθ2α). θsα (s = 1, 2) are real Grassmann odd variables in N = 1 superspace. We follow the N = 1 superspace conventions in Ref. [28] .
the N = 2 vector multiplet is summarized in an N = 2 vector superfield V that contains the three-dimensional gauge field A µ , several auxiliary scalars and their supersymmetric partners.
As we mentioned already, in ABJM there are two vector multiplets that we call V + , V − , which appear in the CS actions with level +k and −k respectively. The fully covariant formulation of the N = 2 CS theory is four-dimensional [29] . In our context
D α is the N = 2 superspace covariant derivative
The matter sector interactions include the superpotential interactions (13) (or (10) for the specific orientations in (3))
and the Kähler interactions that provide the kinetic terms. For simplicity, we will consider here canonical Kähler interactions. Note however, that, unlike the superpotential interactions, the Kähler interactions receive quantum corrections. Accordingly, the boundary interactions that will be formulated shortly have to be adjusted suitably to take into account these quantum corrections in order to preserve the desired amount of supersymmetry. This can be performed straightforwardly with the prescription that will be described in a moment. The canonical
Kähler interactions that we consider here are
In summary, the total bulk action is
2d boundary
The boundary theory of a Chern-Simons-matter theory is not unique. In previous explorations of the subject [14, 16, 17] Table 1 .
The first step in the construction of a boundary action involves the addition of suitable boundary interactions that restore the desired amount of supersymmetry. In the case at hand we have explicit N = 2 supersymmetry in the bulk and want to restore N = (1, 1) supersymmety on the boundary. Applying the prescription of Ref. [15] to a general N = 2 action (expressed conveniently in N = 1 superspace language)
we obtain the action
that preserves the supersymmetries generated by (Q 1+ , Q 2− ). In our case, S = S bulk (see eq. (18)). We will denote this boundary-corrected version of S bulk
The next step involves the incorporation of the boundary multiplets g ± in a manner that restores the broken U (N ) × U (N ) gauge invariance at the boundary. Following [23] we extend the definition of g ± in the bulk as 3d N = 2 superfields (denote them g ± ), and define the U (M )
We are using the notationg =ḡ (gḡ) −1 (23) that has the useful property
ḡ is the Hermitian conjugate of g. The proposed boundary interactions for the g ± bifundamentals are [23] 
S (1, 1) kin provides N = (1, 1) supersymmetric, gauge-invariant kinetic terms. In more explicit form
where the light-cone coordinates x ± = x 0 ± x 1 were used, and∇
are the boundary versions of the chiral N = 2 super-gauge-covariant derivatives
The last two terms on the rhs of equation (25) are a difference of two four-dimensional actions.
This difference is a total derivative term that contributes Wess-Zumino-like interactions for g ± supported only on the two-dimensional boundary. To obtain this result one has to employ the property (24) .
So far the total bulk-boundary action is
There are explicit couplings of the boundary degrees of freedom g ± with the vector multiplets V ± , but no couplings with the other bulk superfields, φ ± , A a , B a . From the string/M-theory discussion in section 2 we recall that the boundary is expected to break the bulk SO(6) × SO(2)
R-symmetry to SO(4) × SO(2) and the action (28) From the open string theory of the configuration represented in Fig. 1 it is indeed clear that there is a cubic interaction on the two-dimensional boundary of the form
φ ± denotes the N = (1, 1) projection of the bulk superfields φ ± on the two-dimensional boundary.
For a succinct summary of boundary projections of superfields see appendix 3 of Ref. [14] . More precisely, in the particular context of eq. (29) byφ ± we refer to the projection
where the notation˜refers to the notation of eq. (198) in [14] . The N = 2 vector field exponents have been inserted to gauge-covariantize the derivatives normal to the boundary that appear in the˜projection. Notice that this cubic interaction has exactly the same form with a corresponding bulk-boundary interaction that appears in the field theory of the flat-space D3-D5 intersection [30, 31] . Although the physics of the flat-space D3-D5 intersection (without the additional 5-branes of the HW setup that we consider) is considerably different from the physics of our setup the uniqueness of this cubic interaction in [31] and its crucial role in the expected supersymmetry enhancement in that context, gives some confidence that (30) is the only extra interaction that we need to include at low energies.
As a further more direct check, we notice that the expected symmetries, e.g. invariance under
do not allow cubic U (M )-invariant interactions between g ± and the bi-fundamental fields A a ,
Moreover, the boundary interaction (29) implements the breaking of the R-symmetry
that was anticipated from string/M-theory in section 2. This can be verified explicitly in the following way. In the three-dimensional bulk the UV action with the massive φ ± fields exhibits an SU (2) diag symmetry that rotates simultaneously the bottom components of the A a and B a superfields. In the IR the quartic superpotential (12) enhances this symmetry to SU (2) A × SU (2) B that rotates independently the fields A a , B a . These two SU (2)'s together with an independent SU (2) R symmetry that rotates the fields (A 1 , B * 1 ) combine to the SO(6) of the bulk action. On the boundary the interaction (29) respects only the diagonal SU (2) diag symmetry of SU (2) A × SU (2) B and does not allow it to enhance in the IR. Hence, in the infrared we expect the theory to exhibit the overall global symmetry SU (2) diag ×SU (2) R ×SO(2) ∼ SO(4)×SO(2).
Notice, that by integrating out the massive φ ± fields, setting m = k 8π , and using the identification (11), the boundary interaction (29) turns into the quartic interaction
Observe that further interactions of the components of the A a , B a superfields will be induced on the boundary by this integrating out procedure from the boundary terms included in S 
Summary of the proposed bulk-boundary action
Collecting all the interactions in favor of which we argued above, we propose that the infrared limit of the bare bulk-boundary action
describes the low-energy theory at the M2-M5 intersection (6) . All the terms that appear in (34) were defined previously in the main text. We will not attempt to write out this action in components. In appendix A we present a more explicit form of the interactions in the case of a single M2-brane ending on an arbitrary number of M5-branes. The part that is hardest to expand in components is the non-abelian N = 2 Chern-Simons action (14) , which is written as a four-dimensional integral. There is such a non-abelian term, for general M , even in the abelian case of a single M2-brane, N = 1.
Outlook
In this paper we conjectured a specific action for the infrared theory in the M2-M5 intersection . Some evidence from the proposed interactions follows from the consistency of the constructions in [23] . We verified the expected global symmetries, and postulated that this action should exhibit the required SO(4) × SO(2) R-symmetry in the deep infrared. Accordingly we conjectured the enhancement of the boundary supersymmetry to N = (4, 2) for k > 2.
It would be very useful to find further checks of this preliminary proposal and eventually prove conclusively that it is the correct infrared description of M2-M5 physics. In this context, it would be interesting to explore the relation of this work with the Basu-Harvey equations [11] .
It would also be interesting to explore relations with the work [22] upon compactification. In that respect, notice that the 2d boundary theories in [22] also include a pair of bi-fundamentals, which are analogous to our g ± .
Having a UV bare action is a first step towards the analysis of the quantum properties of the M2-M5 system. Generically this system is strongly coupled, but the introduction of the CS level k opens the possibility to go in weak coupling regimes. These are roughly regimes where the ratio N/k is small. It would be interesting to explore these regimes with perturbative techniques.
One of the issues that would be worth understanding better is whether the 2d boundary theory has a well-defined decoupling limit with a conserved 2d stress-energy tensor. One can then ask about the central charge of the boundary theory, and how it depends on the three parameters N, M, k. Our UV action introduces the massless boundary degrees of freedom g ± which belong in the bi-fundamental representation of U (N ) × U (M ). Hence, their number scales as N M in agreement with the anomaly considerations of Ref. [7] . A One M2-brane ending on M M5-branes
As a more explicit illustration of the proposed bulk-boundary interactions, in this appendix we consider in more detail the interactions that are packaged in the superspace action (34). We will focus on the relatively simpler case of a single M2-brane ending on an arbitrary number M of M5-branes. In this case the 3d bulk ABJM theory is abelian.
3d bulk action in N = 1 superspace form
Our starting point is the bulk action (18)
We employ the N = 1 superspace decomposition of the N = 2 vector multiplets
where ∆ ± , E ± are N = 1 real scalar superfields and Γ ± are N = 1 spinor superfields. Following the conventions of [28] we use the notation D 1α = ∂ 1α + (γ µ θ 1 ) α ∂ µ for the N = 1 superspace derivative with respect to the real Grassmann coordinates θ 1α (α = ± is a spinor index). For the N = 2 chiral superfields we set
Inserting these expansions in the N = 2 expressions and performing the d 2 θ 2 integrals we obtain in N = 1 form
We remind that the gauge-invariant field strength for a spinor multiplet Γ is
In passing we note that it would have been considerably harder to write out the corresponding expansion for the N = 2 Chern-Simons action in general gauge in the non-abelian case. Also, note that in the so-called Ivanov gauge one sets ∆ ± = 0. This is not possible in the presence of the boundary unless we want to start with a partially broken super-gauge symmetry.
Similarly, for the kinetic terms S K we obtain 
We used the N = 1 super-gauge covariant derivative
Finally,
We will refrain from a further evaluation of the θ 1 integrals and the full expansion of these interactions in components. Nevertheless, it is already apparent from these expressions that there are several total-derivative terms that are supported on the boundary.
Boundary interactions
We restore half of the supersymmetry by adding suitable boundary interactions to the bulk 
, is the N = 2 CS action for the non-abelian gauge group U (M ) with the boundary completion (45). The presence of a non-abelian boundary interaction, even for the abelian M2-brane theory, is a characteristic difference between our proposal and previous approaches.
The remaining two terms, S W , on the second line of (46) are simple to write down. We collect the relevant expressions here. Once again, in order to keep the expressions somewhat compact we express everything in terms of N = 1 superfields leaving the full expansion in components, that follows straightforwardly, implicit. For the kinetic interactions
where L K is the integrand in eq. (42). Finally, for the superpotential interactions 
where L W is the integrand in eq. (44).
